Abstract. Motivated by the effective impact of the Pascal functional and the Wronskian matrices, we investigate several identities and differential equation for the ShefferAppell polynomial sequence by using matrix algebra. The matrix approach, which we have used in this article, is convenient to derive the generating functions of the ShefferAppell polynomial sequence. By means of examples, we apply and also illustrate our results to an extended class of polynomial sequences.
introduction
Sequences of polynomials play an important rôle in many problems of pure and applied mathematical sciences such as those occurring in approximation theory, statistics, combinatorics and analysis (see, for example, [10, 11, 12, 13] ). The class of Sheffer sequences is one of the most important classes of polynomial sequences. A polynomial sequence {s n (x)} ∞ n=0 is called a Sheffer polynomial sequence [3, 4, 12, 15] if and only if its generating function has the following form: Then there exists a unique sequence of Sheffer polynomials s n (x) satisfying the orthogonality conditions:
l(y)h(y) k |s n (x) = n!δ n,k (∀ n, k ≧ 0), (1.4) where δ n,k is the Kronecker delta.
Roman [12, p. 18, Theorem 2.3.4] introduced the exponential generating function of s n (x) as follows:
The Sheffer sequence for the pair (l(y), y) is called an Appell sequence for l(y). In fact, Roman [12] characterized Appell sequences in several ways:
{A n (x)} n∈N is an Appell set if either d dx α n (x) = nα n (x) n ∈ N or if there exists an exponential generating function of the form (see also the recent works [9, 16] ): 6) where N denotes the set of positive integers and
A(y) = 1 l(y) .
We also note that, for H(y) = y, the generating function (1.1) of the Sheffer polynomials s n (x) reduces to the generating function (1.6) of the Appell polynomials α n (x).
The polynomials defined as the discrete convolution of known polynomials are used to investigate new families of special functions. For example, the polynomial h
is known as a discrete Appell convolution by setting h n (x) = x n in the above equation.
In the year 2015, Subuhi et al. [7] introduced the determinantal definition and other properties of the Sheffer-Appell polynomials. The Sheffer-Appell polynomial sequences are combination of the families of the Sheffer and the Appell polynomials sequences. Now, in order to recall the definition of the generalized Pascal functional matrix of an analytic function (see [18] ), let
be the set of power series possessing the C-algebra. Then the generalized Pascal functional matrix [P n (h(y))], which is a lower triangular matrix of order (n + 1) × (n + 1) for h(y) ∈ F, is defined by
is the ith order derivative of h(y).
We next recall the nth order Wronskian matrix of several analytic functions h 1 (y), h 2 (y), · · · , h m (y) of order (n + 1) × m as follows:
We also record here some properties and relationships between the Wronskian matrices and the generalized Pascal functional matrices as they are the main tool of our work (see, for example, [19, 20] ). 10) where u, v ∈ C. 13) where 0!, 1!, · · · , n! are the diagonal entries in the diagonal matrix given by
2. The Sheffer-Appell polynomial sequence and its differential equation
He and Ricci ( [6] ; see also [14] ) derived some recurrence relations and differential equation for the Appell polynomial sequence. Further, Youn and Yang ( [20] ; see also [1] ) obtained some identities and differential equation for the Sheffer polynomial sequence by using matrix algebra. Here, in this paper, we study some recursive formulas and differential equation for the Sheffer-Appell polynomial sequence by using matrix algebra.
The Sheffer-Appell polynomial sequence, which is denoted by s A n (x), is defined as the discrete Appell convolution of the Sheffer polynomials s n (x). The generating function of the Sheffer-Appell polynomials s A n (x) is given by
where h −1 (y) is the compositional inverse of h(y), that is, we have (see [19] )
Thus, if the following generating function in (2.1):
is analytic, then (by using Taylor's expansion theorem), we obtain
The Sheffer-Appell polynomial sequence s A n (x) in vector form for the pair (l(y), h(y)) is denoted by s A n (x) and it is defined by
which can also be expressed as follows:
Lemma. Let s A n (x) be the Sheffer-Appell polynomial sequence for the pair (l(y), h(y)). Then
Proof. Let us begin with the equation (2.4) , that is,
Applying Property IV in the equation (2.6), we get
In view of the following result:
Now, by taking the kth order derivative of both sides of the equation (2.9) with respect to x and dividing the resulting equation by k!, we obtain
Hence, clearly, the right-hand side and left-hand side of the equation (2.10) are the kth columns of
respectively. Our proof of the Lemma is thus completed.
We now state and prove Theorem 1 below.
where
and
Proof. Let us begin with the following result:
(2.12)
On the one hand, by using Property III, we get
Also, on the other hand, we can rewrite the equation (2.12) as follows:
(2.14)
Thus, by using Property IV in the equation (2.14), we have
Next, by using Property III in the equation (2.15), we get
, (2.16) which, by applying the above Lemma, yields
or, equivalently,
Finally, upon equating the nth rows of (2.13) and (2.17), we obtain the desired result (2.11) asserted by Theorem 1.
By setting l(y) = 1 and b k = c k = 0 (∀ k ≧ 1) in Theorem 1, we get the following corollary. h(y) ) be the associated polynomial sequence. Then
In its special case when
, Theorem 1 would apply to the Laguerre polynomials as follows.
Corollary 2. Let
be the generalized Laguerre polynomial of degree n in x and with the index (or order) λ. Then 
we have
Hence we get the following recurrence relation for the Miller-Lee type Appell polynomials G (m)
n (x) :
(2.20)
Recurrence relations for the Sheffer-Appell polynomials
Here, in this section, we first state and prove Theorem 2 below.
Theorem 2. Let s A n (x) ∼ (l(y), h(y)) be the Sheffer-Appell polynomial sequence. Then the following recursive formula holds true for s A n (x) :
Proof. Let us consider
which, on the one hand, can be written as follows:
Also, on the other hand, we can write the equation (3.2) in the following form:
which, on using Property IV, yields
Now, if we make use of Property III, we find from (3.5) that
Finally, by applying the above Lemma, we get
Equating the nth rows of (3.3) and (3.7), we arrive at the desired result (3.1) asserted by Theorem 2.
Corollary 3 below follows from Theorem 2 in its special case when l(y) = 1 and b k = c k = 0 (∀ k ≧ 1) in the recursive formula (3.1).
Corollary 3. Let q A n (x) ∼ (1, h(y)) be the associated polynomial sequence. Then
Example 2.
Here, in this example, we apply Theorem 2 to the generalized Laguerre polynomials L
Hence we get the following recurrence relation for the Laguerre-Appell polynomials:
If we apply Theorem 2 to the Miller-Lee type Appell polynomials G (m)
Hence we get the following recurrence relation for the Miller-Lee type Appell polynomials: 
.
Proof. Let us begin with
which, by applying Property III, yields
On the other hand, we can write the equation (3.12) as follows:
(3.14)
Now, if we apply Property I, we get 15) which, by using Property III, yields
. . .
Equating nth rows of (3.13) and (3.16), we arrive at the desired result (3.11) asserted by Theorem 3.
Upon setting l(y) = 1 and b k = c k = 0 (∀ k ≧ 1) in the recursive formula (3.11) asserted by Theorem 2, we can deduce the following corollary.
Corollary 4. Let
Example 3. Applying Theorem 3 to the Miller-Lee type Appell polynomials
Hence we get the following recurrence relation for Miller-Lee type Appell polynomials: 
where 20) which, on the one hand, can be rewritten as follows:
Proof. Our demonstration of Theorem 4 begins with
On the other hand, we can write (3.20) in the following form:
which, by using Property III, yields 
Equating the nth rows of (3.21) and (3.23), we arrive at desired result (3.19) asserted by Theorem 4.
In its special case when l(y) = 1 and b k = c k = 0 (∀ k ≧ 1), the recursive formula (3.19) asserted by Theorem 4, we obtain Corollary 5 below. 
Concluding remarks and observations
In the preceding sections, we have developed a differential equation and recurrence relations for the Sheffer-Appell polynomials by using the Pascal functional and Wronskian matrices. In order to derive these recursive formulas for the Sheffer-Appell polynomials, we find several interesting recurrence relations for such related polynomials as (for example) the generalized Laguerre polynomials L n (x). The results presented in this article are potentially useful in deducing further interesting formulas for other specific classes of orthogonal polynomials.
